QUATERNION DEFINITIONS, NOTATION, AND IDENTITIES

Abstract

Standard notation, definitions, and identities for quaternion algebra and
direction cosine matrices are given. In particular, quaternion product
operators and operator matrices are defined. The quaternion product
operators are necessary to avoid ambiguity in quaterion algebra. The
cross product operator and operator matrix are also defined.

1 Introduction

The classical definition of the quaterion product is the algebraic product of two hypercomplex
numbers. The product is computed by ordinary multiplication and by using the product rules for
the basis elements 2, 7, and k of the hypercomplex numbers. The order of the quaternion product
is the reverse of the corresponding product of direction cosine matrics (DCM). In analytical work,
it is convenient to write the quaternion as a column matrix. An operator then becomes necessary
to define the quaternion product of the 4 x 1 vectors. The quaternion product can then be written
in either order with a corresponding product operator symbol.

It is not uncommon to find ambiguous and incorrect notation in the literature. One purpose of
this note is to provide a reference to standard notation. The ® operator, which was first introduced
by the author in an earlier paper, may not be considered standard but has gained acceptance. A
second purpose of this note is to provide definitions and identities that are useful in attitude
analysis.

Standard notation, definitions, quaternion properties and identities, and direction cosine matrix
(DCM) identities are provided in this note. The identities are stated without proof. The studious
reader can easily prove the identities or find them in standard texts and references such as [1] and
[2], albeit with notational differences. We will denote a 3 x 3 identity matrix by I and all other
identity matrices by I. A vector v in a particular frame a is denoted by v®. A transformation
matrix is a DCM that can be used to transform a vector from a frame a to a frame b, which we
will denote by T?, so we have v’ = T?v® Quaternions may be adorned in the same manner as

a’
transformation matrices.

2 Cross Product Operator

The cross-product operator x is such that for vectors u = [uz, uy, u.]7 and v = [vg, vy, v.]T, we
have
UyUy — Uy
UX V= Uy — UgV, | . (1)
Uz Uy — UyUy

The cross-product operator matrix [ux] is defined such that

[ux]jv=u x v (2)
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where

0 —Uy Uy
[ux] = | u, 0 —ug| . (3)
—Uy Uy 0
The cross-product matrix matrix is often written as u* such that u* = [ux] and u*v = u x v.
The notation [u], where [u] = —[ux], is apparently attributable to and unique to the work of
Shuster; it first appeared in [3] and no mention of its origin is given in [2]. In his earlier work
Shuster used [u] = —[ux]. Some authors use the clumsier notation S = skew(u) = [ux].

Since the cross-product matrix is skew-symmetric, we have [ux]? = —[ux] and u x v = —v x u.

A useful identity is [ux]? = |u|?T — uu”. A reference frame transformation may be applied to the
cross-product matrix so that
[Tov®x] = Tq[v*x] T . (4)

3 Quaternion Operators

In the definitions that follow, let p, q, and r be quaternions represented as 4 x 1 column matrices
and let p, g, and 7 be the corresponding hypercomplex quaternions. Also let Tp, T4, and T,
be the corresponding orthonormal direction cosine matrices. The subscript here is a shorthand
notation that simply indicates that T corresponds to a particular quaternion, otherwise we would
have to write, for example, T(q).

Quaternion operator notation is necessary because while the hypercomplex product pq is well-
defined, it is technically incorrect and sometimes causes confusion to write the matrix product
pq. Some authors write the matrix product as p *x g. The use of operator notation removes these
difficulties and provides much greater flexibility in performing quaternion algebra. The quaternion
operators and operator matrices to be introduced are analagous to the cross-product operator x
and operator matrix [ux]. The quaternion ¢ = [qs, qy, ¢z, 5|7 comprises the vector ¢z, qy, ¢-]7
and the scalar ¢;. The norm (2-norm) of a quaternion is given by |q| = (¢2 + qs + 2+ q5)2
It is usually assumed in attitude work that quaternions have unit norm, but for generality we
will not make that assumption here. (Ultimately, however, an implicit or explicit normalization
occurs when computing a rotation vector, Gibbs or Rodriguez vector, DCM, or any other attitude
representation.) The conjugate g* of a quaternion q = [gz, gy, ¢z, ¢s)"is qF = [—qu, —Qy, —qz» s’
The inverse of q is ¢~! = q*/|q|? so that g® ¢~' = ¢! ® ¢ = [0,0,0,1]7. For a unit quaternion,
q" = q ' sothat ¢*® ¢ = q®q* =[0,0,0,1]7 and similarly for the ® operator, where ® and ®
are quaternion multiplication operators defined below. The [q®] and [g®] operator matrices are
also introduced. The ® operator was introduced in [4]. The operator matrices and the ® operator
(in this context) are this author’s invention.

4 The ® Operator

The operator ® and operator matrix [q®)| are defined by

r=p®q
= [p&lq
Ds Dz —DPy Pz | |4z
_ | 7P- Ds Dz Dy | |y (5)

Py —Px Ds Pz | |4z
—Px —Py —Pz Ds| [4s
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(Shuster [2] defines the less obvious notation {gq}; = [g®].) For unit-norm quaternions, the quater-
nion product corresponds to the DCM product

r=peq<= T, =T,T,

where the order of corresponding terms is the same, whereas in comparison with the hypercomplex
product
P®q < qp

the order of corresponding terms is reversed. Define

1 sin(p/2)
e=tol =0 4= | on ©
cos(p/2)
Some useful identities follow:
(p®q)" =q @p" (7a)
[q®][q" )] = [q®][g2]" = |q|*T (7b)
lg'e] = [q2] ! = [g2]/|al? (7c)
4] = exp{3[]) = coslo/2)T + o] 102 (1a)
5 The ® Operator
The ® operator and operator matrix [q®] are defined by
r=q®p
= [q®]p
qs —qz Qy Gz | | Px
_ qz qds —Qqzx Qy | | Py (8)

—qy dx qs q: | [Pz
—qx —Qqy —qz 4ds| [ Ps

(Shuster [2] defines the less obvious notation {g}r = [q®].) For unit-norm quaternions, the quater-
nion product corresponds to the DCM product

r=q®p< T, =T,T, (9)

where the order of corresponding terms is reversed, whereas in comparison with the hypercomplex
product
q®p < qp (10)
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the order of corresponding terms is the same. Some useful identities are

(gop)=p ®q" (11a)

asllg"e)] = [qe]lae]” = [a]’I (11b)

[a'®] = [q2] " = [g®] /|qf? (11c)

48] = exp(3[3]) = cosl/2)T + }[pe] 10 (1)
aellge] ™ = lqe] 'lge] = |7 (110
PRQG=q9q®p (11f)

where ¢, ¢, and q as a function of ¢ were defined in equation (6).

The [g®] matrix can be partitioned such that [g®] = [ q], where E is a 4 X 3 matrix. We will
write Z(p) for the partition of [p®], but otherwise assume that = without an argument depends on
q in order to simplify the notation. Since [g®] is an orthonormal matrix for |g| = 1, we have that
22T + qq" = |q*I, ZTZ = |q|*I, and ETq = 0.

6 Quaternion Transformation of a Vector

Let v® be a vector in a frame a and v® be a vector in a frame b. If a quaternion g represents the
attitude of frame b with respect to frame a, the v? is transformed to the frame b by

W=qev'2q! (12a)
—q '®v'®q (12b)
a b
where 0% = [UO] and v = [16] The equivalence of equations (12a) and (12b) follows from

equation (11f). From equation (1le), we have that equations (12a) and (12b) are the same as

v’ v?
[0 H | 13)

7 Associativity and Commutativity
Quaternion operators of the same kind are associative, that is,

T, O
ol 1

PRIGAT=(PpRqOr=p(qar) (14a)
PRIIT=(pRQOT=p®(q®T) (14b)

However, quaternion operators that are not the same kind are not associative, that is,

(PpRg@r£p(g®r) (15a)
P®qRr£p®(q@T) (15b)

so the expressions p ® ¢ ® r and p ® g ® r are ambiguous.

Equation (11f) indicates that quaternions are, in general, not commutative in their product.
They are commutative only if their axes of rotation are in the same direction, which is also true of
direction cosine matrices.
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8 Parameterizations of the Attitude Matrix
Equation (11e) shows one way to compute the attitude matrix A(q) = T4, namely

A(q) = (8* — |r[HI — 2s[rx] + 2rrT (16a)
= (s> + |7|*)I — 2s[rx] + 2[rx]? (16b)

where the quaternion is partitioned into its vector part r and a scalar part s,

r
q= [s] : (17)
The attitude matrix can also be written in terms of a rotation vector ¢ with ¢ = |¢|,
sin 1 — cos
A(6) = exp(~[6x]) = (cos )T = = Flpx] + =3 " (182)
sin 1 —cos
=1- go[d)x] + Tso[d’x]Q (18b)
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