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Let g be a unit quaternion. Its inverse is its conjugate g*. Recall the quaternion
operators ® and ® and the [q®] and [g®] operator matrices, which were defined in [1, App.]
and elsewhere. For quaternions p and 7, we have r = [q®]p = q®p and r = [p®|q = p&q.

Define the matrix
c- |10 (1)
10 1

Note that C? = I. We could call C' a conjugation operator matrix since q* = Cq. It is
easily verified that

Clgo]|C = [g"@] = [g®]" (2)
from which we have that
Clge] = [g®]"C (3a)
and
[q®]C = Clg®]" (3b)

It is well known that
T, 0
=" las] = faslias” = | ]

where Ty is the direction cosine or attitude matrix that corresponds to the quaternion q.
From the foregoing relations, we conclude that C[g®] and [q®]C are two square roots

of [1;)‘1 (1)] because, from (3a) and (4), we have

(Clg®))” = (Clg®)) (Clg®))
= Clg®|C[q®]
= [q®]"[g®)]

_|Tq O
= [ 0 1] (ha)
and similarly from (3b) and (4)

(1g21C)* = ([g2]C) ([g2]C)

= [q®]Clqe]C
= [g®][g®]"
[
Define
a=e| e =T ®
1
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where e is the vector part of the quaternion and c is the scalar part. Then from the (5b),
we have

T, = [~ +[ex] € [‘CI :T[ex]] (7)

If we start from (5a), the result differs only in a sign that cancels out. We have, then,
Ty = (I —[ex])” + ee” (8a)
=T — 2clex] + 2[ex]? (8b)

Equation (8b) is a common expression for T4 in terms of g, whereas (8a) is a (new?)
quadratic form. The quadratic form could be used to transform a vector via the following
steps

vV=cv—exv
i / !/
v =cv —exv +e(elv)

so that v = Tqv.
Observe that a factorization of T4 can be obtained from a QR decomposition, viz

[—cI :T[ex]

R

] = QR =[Q:1 Q2] {01} = Q1R (9)
where @ is orthogonal and R; is upper triangular. A factorization of Ty is then

Tq = RlTRl (10)
Note that the process of computing Ry is essentially one of completing the square in equa-
tion (8a).
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